ABSTRACT. We consider the problem of using functions gn (x) := exp(O'nx) to form biorthogonal expansions in the spaces LP (-'lT, 'IT), for various values of p. The work of Paley and Wiener and of Levinson considered conditions of the form IAn -nl .:; t. (p) which insure that {g,,} is part of a biorthogonal system and the resulting biorthogonal expansions are pointwise equiconvergent with ordinary Fourier series. Norm convergence is obtained for p = 2. In this paper, rather than imposing an explicit growth condition, we assume that {A" -n} is a multiplier sequence on LP (-'1T, 'IT) . Conditions are given insuring that {gn} inherits both norm and pointwise convergence properties of ordinary Fourier series. Further, An and g" are shown to be the eigenvalues and eigenfunctions of an unbounded operator A which is closely related to a differential operator, i A generates a strongly continuous group and _A2 generates a strongly continuous semigroup. Half-range expansions, involving cos A" x or sin An X on (0, 'IT) are also shown to arise from linear operators which generate semigroups. Many of these results are obtained using the functional calculus for well-bounded operators.
gn(x) = e iAnX , IPn(x) = einX, and for integrable functions f, g let 
Y'N(x;f) = L (j, hn)gn(x).
The partial sum operator for ordinary Fourier series is N (1.5)
n=-N
The problem of nonharmonic Fourier series is to find conditions on {A n} so that for some p, the dual sequence { h n} exists in L q, and for all ! in L P, the partial sum operators .9"N(X; f) have the same properties as the operators SN(X; f), with respect to norm behavior, pointwise behavior, or both.
In this paper we shall consider these questions, subject to the basic assumption that the sequence { l>n}, defined by (1.6) l>n = An -n, is a multiplier sequence on LP for some fixed but arbitrary p, 1 ,,; p < 00. This means that there is a bounded linear operator A: LP ~ LP such that for each! in LP, (1.7) Another significant property of the sequences {n} and {CPn} is that they contain the eigenvalues and eigenfunctions of the differential operator Ao defined by For p = 2 the operator Ao is selfadjoint. For 1 < p < 00 the spectral theory of Ao is embodied in the statement that for some complex number A in the resolvent set of Ao, the resolvent operator R(A, Ao) is well-bounded. See [2] for the definition and applications to differential operators. We shall give conditions under which there exists a linear operator A such that (1.11) Agn = Angn, and such that the resolvent operator is well-bounded, 1 < P < 00. This is then used to study the properties of half-range expansions, i.e., expansions on LP (O,17) (or on LP(-17,O» using the sequence {COSAnX} or {sinAnx}. In particular, we show that the operators associated with these expansions generate strongly continuous semigroups. The study of nonharmonic Fourier series was initiated by Paley and Wiener [8] and by Levinson [7] . Paley and Wiener showed that for p = 2 and An real, if Il>nl"; 1/17 2 , then {h n } exists and for any! in L 2 (-17,17) , the partial sums y"(x;f) and Sn(x; f) have the same behavior with respect to pointwise convergence:
uniformly on each closed subinterval interior to (-17, 17 This result for p = 2 had been obtained earlier by Duffin and Eachus [4] .
All of these conditions on {<5 n }, whether for pointwise convergence, norm convergence, or both, impose a limitation on {<5 n }: in none of these conditions is l<5 n l allowed to be greater than i. Consider the example <5 n = <5 for all n, where <5 is an arbitrary complex number. Then
It is a simple matter to see that even if <5 is selected so that none of the above conditions are satisfied, the resulting {gn} satisfies all of the conclusions of the above theorems, and in fact more is true: the pointwise equiconvergence theorem holds in the larger class L'(-7T, 7T), and {gn} is the set of eigenfunctions of an unbounded linear operator which generates a strongly continuous bounded group of transformations on LP, 1 < P < 00, and whose square generates a strongly continuous semigroup.
The conditions given by Paley and Wiener and by Pollard imply that {<5 n } is a multiplier sequence, and the same clearly holds for the above example. Thus the assumption that {<5 n } is a multiplier sequence contains all of the previous norm results, frees the theory from explicit growth conditions, and allows the association to each sequence {gn} of an unbounded linear operator whose spectral theory incorporates the norm properties of {gn}. Further, if {<5 n } is a multiplier sequence and if {gn} is a basis for LP equivalent to { 'Pn}, then pointwise equiconvergence is also obtained. Levinson 
Thus Y N inherits the properties of SN.
Note that IIXII = 'TT.
THEOREM.
If {8 n } is a multiplier sequence for some LP, 1 ~ p < 00, and if A is the linear operator defined by
(It is not claimed that A is invertible.)
PROOF. If there exists an operator A such that A!fin = gn' then for any trigonomet-
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Since the trigonometric polynomials are dense in LP for 1 ~ p < 00, the extension to all of LP of the operator defined by (2.10) is the operator defined in (2.9). 
The proof follows some preliminary material. Questions of convergence will be considered below. For 1 < P < 00, let p-l + q-l = 1, s = min(p,q), S-l + r l = 1. LP refers to the interval (-1/',1/') and LP (R) refers to (-00, (0).
THEOREM (LEVINSON [7; pp. 48-58]). Let
Then the infinite product (2.18) converges to an entire function G(A) such that if
, and its support is contained in (-1/', 1/'), (iii) the dual sequence {h n} is given by The proof of the next theorem depends upon the expression (due to Kadec [6) ) of 1 -e i8x in the orthonormal system {I, cosnx, sin(n -Dx} for n ;:;. 1: 
a{vI!t.)/= L a{Mn)inIPn, f3k{vI!t.)/= L f3k{MJinIPn'
-00 -00
Thus, using the density in LP of the trigonometric polynomials, we see that the operators A, B have continuous extensions to all of LP, and 2 00 Using similar estimates for a, Yk' we see that for ~ sufficiently small, IIBII < 1, and then A is invertible.
If {D,,} is real, then more precision in estimating II l,Bd II, etc., can be obtained. For
and similarly for a, Yk' Thus
Again using Kadec [6] , we note that Then for t:::.. sufficiently small, IIBII < 1.
To say how small ~ should be, it is necessary to know K. Let H denote the conjugate function mapping on LP. For 1 < p < 00, let s = min(p, q). Then [9] (2.45)
Using the representation of the spectral family of vH [11, Theorem 3.2.4] we have:
LEMMA. If {D,,} is real and piecewise monotone, and if m is the number of intervals (of integers) on which {D,,} is monotone, then
Kadec's theorem was based on Parseval's equality. A spectral-theoretic proof can be given, since vH is then selfadjoint and II,Bk(vH)II = sup(l,Bk(D n ) I), etc. 
3.2. REMARK. Note that this theorem includes the case p = 1, even though { Cf!n}, {gn} are not bases in L1. Theorem 3.1 contains as a special case a result of Duffin and Schaeffer [5, §4] for L2.
PROOF OF THEOREM 3.1. Since {gn}, {Cf!n} are equivalent, we have Y'N = AS N A-1 . Using the expression (2.9) for A, we have
but since.A and SN commute, and then
2sm(x -t)/2
Given d> 0, there exists
Thus Let e > 0 be given. Then there exists J = J( e, f) such that
For the finitely many remaining terms, it is easily seen that the Riemann-Lebesgue lemma holds uniformly in x, Ixl ~ 7T -d, so for N sufficiently large,
Eigenfunction expansions.
In this section we assume {8 n ) is a multiplier sequence for LP, for some p, 1 ~ P < 00, and that the corresponding {gn} is equivalent to { CPn}. Let Ao be the differential operator defined in (1.8), (1.9), and let A be defined by PROOF. This is a direct consequence of (4.1), noting that Ao and vi! commute. For the further study of A, let 1 < P < 00. Then 00 (4.5)
Since {(A -An)-I} is in l' for all r, 1 < r < 00, it follows that {(A -An)-I} is a multiplier sequence in LP for 1 < P < 00. For (AI -A)-1 to be well-bounded, it suffices to have {(A -AntI} piecewise monotone. If {8 n } is real, this is the case if we consider expansions for 0 < x < 'IT (or for -'IT < X < 0) in {cos).. nX }, n ~ 0 and in {sin )..nx}, n ~ 1. We give conditions assuring that these functions are eigenfunctions of linear operators which generate strongly continuous semigroups in LP(O, 'IT).
We assume throughout this section that (5.1) holds and {gn}, { CJln} are equivalent in some space LP.
LEMMA. g_n(x) = gn(-x), h_n(x) = hn(-x).
PROOF. Since {gn} is given explicitly, this is an immediate consequence of (5.1). For h n' let m be fixed and let w( x) = h m ( -x). Then for all n, and using the above property of gn' we have (gn' w -h_ m ) = 0 all n, m. Since {gn} is complete we have w = h_ m .
For the remainder of this section we consider cosine expansions. Thus let If f is an even function in 9)(N), then for 0 < x < 17, where II iPlll is computed on the piecewise linear admissible arc contammg {(X -X 2 n )-1}. Thus R(X, [2) is well-bounded and the proof of Corollary 4.10 applies.
